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Abstract
A polynomial f (X) over a ﬁnite ﬁeld is an orthomorphism if both f (X) and f (X) − X are
permutation polynomials. We prove the existence of several classes of cyclotomic orthomorphisms
and extend the results toR-orthomorphisms.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let q be a prime power and Fq the ﬁnite ﬁeld of order q. Let n be a positive divisor of
q − 1 and  a primitive element of Fq . Then the set of nonzero nth powers
C0 : =
{
jn : j = 0, 1, . . . , q − 1
n
− 1
}
is a subgroup of F∗q : =Fq\{0} of index n. The elements of the factor group F∗q/C0 are the
cyclotomic cosets
Ci : =iC0, i = 0, 1, . . . , n− 1.
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Note that the cyclotomic cosets form a partition of F∗q . For a0, a1, . . . , an−1 ∈ Fq we deﬁne
a cyclotomic mapping fa0,a1,...,an−1 of index n by
fa0,a1,...,an−1()= ai if  ∈ Ci, i = 0, 1, . . . , n− 1
and fa0,a1,...,an−1(0) = 0. Obviously, each self-mapping f of Fq with f (0) = 0 can be
represented as a cyclotomic mapping of index q − 1 and each cyclotomic mapping of
index d with d|n can be regarded as a cyclotomic mapping of index n. If f is both a
cyclotomic mapping of index d1 and d2, then it is also a cyclotomic mapping of index
gcd(d1, d2) and we may deﬁne the term cyclotomic mapping of least index n. A cyclotomic
mapping of index n = 1, 2, 3, . . . is also called a linear, quadratic, cubic, . . . cyclotomic
mapping.
Note that each self-mapping of Fq can be uniquely represented as a polynomial of degree
at most q − 1. We call the polynomials fa0,a1,...,an−1(X) ∈ Fq [X] representing cyclotomic
mappings fa0,a1,...,an−1 cyclotomic mapping polynomials. The linear cyclotomic mapping
polynomials are exactly the polynomials
fa0(X)= a0X, a0 ∈ Fq
and the nonlinear quadratic cyclotomic mapping polynomials are
fa0,a1(X)=
a0 − a1
2
X(q+1)/2 + a0 + a1
2
X, a0 = a1.
For arbitrary n|(q− 1) we present a formula for the coefﬁcients of the cyclotomic mapping
polynomials of least index n in Section 2 and determine their number.
A polynomial f (X) ∈ Fq [X] is called a permutation polynomial of Fq if the function
 → f () is a permutation of Fq . Permutation polynomials of ﬁnite ﬁelds have been
studied extensively (see [11, Chapter 7]). We call a mapping which is both a cyclotomic
mapping (polynomial) and a permutation (polynomial) a cyclotomic mapping permutation
(polynomial). We recall a criterion from [8] for f being a cyclotomic mapping permuta-
tion and determine the number of cyclotomic mapping permutations of least index n in
Section 3.
Apolynomialf (X) ∈ Fq [X] is called anorthomorphismofFq if bothf (X) andf (X)−X
are permutation polynomials of Fq . Orthomorphisms are closely connected with complete
mapping polynomials of Fq : f (X) ∈ Fq [X] is an orthomorphism of Fq if and only if
−f (X) is a complete mapping polynomial of Fq , and for ﬁnite ﬁelds of characteristic 2
both concepts coincide. Completemapping polynomials of ﬁnite ﬁeldswere ﬁrst considered
in [14,15]. They are pertinent to the problem of constructing orthogonal Latin squares [12].
If fa0,a1,...,an−1(X) is an orthomorphism, then we call it a cyclotomic orthomorphism. For
surveys on cyclotomic orthomorphisms see [8, Chapter 3] and [9]. See also [4–7] for work
on orthomorphisms of ﬁnite ﬁelds. If n= 1, then fa0(X) is an orthomorphism of Fq if and
only if a0 /∈ {0, 1}, and the number of linear cyclotomic orthomorphisms of Fq is q − 2.
Quadratic orthomorphisms were ﬁrst deﬁned and studied in [13] and subsequently in [5].
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The number O2 of nonlinear quadratic orthomorphisms of Fq , q odd, is
O2 = (q − 3)(q − 5)/4. (1)
Hence, for all odd q7 there exists a nonlinear quadratic orthomorphism of Fq . We extend
the formula (1) in the following way. LetOn be the number of cyclotomic orthomorphisms
of Fq of (least) index n2 with n|(q − 1) and
a0, a1 ∈ F∗q, a0 = a1 and a1 = a2 = . . .= an−1. (2)
Then we have
On = (q − n− 1)(q − 2n− 1)/n2.
We prove a slightly more general result in Section 4. Hence, for all q > 2n + 1 with q ≡
1mod n a cyclotomic orthomorphism of Fq of least index n exists. Moreover, for t ∈ F∗q
we prove a lower bound on the number Otn of cyclotomic orthomorphisms with (2) and
a0 − a1 = t , extending a result of [15] for quadratic orthomorphisms.
In Section 5 we consider a special class of orthomorphisms. LetR be a nonempty set of
positive integers. Then f (X) is called anR-orthomorphism if f (r)(X) is an orthomorphism
of Fq for all r ∈ R, where f (r)(X) is the rth iterated composition of f (X) with itself. A
cyclotomic R-orthomorphism is deﬁned in the obvious way. We prove the existence of
cyclotomic R-orthomorphisms fa0,a1,...,an−1(X) with (2), where a0 and a1 are both nth
powers in F∗q , if q is sufﬁciently large with respect to n and the cardinality of R. This
result extends [1, Theorem 3.3] and [2, Theorem 3], which dealt with the case n = 2.
These results are not only interesting in their own right, but also in view of the bounds for
character sums in [2] and for applications to combinatorial design theory [3] and coding
theory [16].
2. Cyclotomic mapping polynomials
The following theorem provides the coefﬁcients of cyclotomic mapping polynomials,
characterizes the cyclotomic mapping polynomials of least index n, and determines their
number.
Theorem 1. For a positive divisor n of q − 1 and a0, a1, . . . , an−1 ∈ Fq , the cyclotomic
mapping polynomial fa0,a1,...,an−1(X) is given by
fa0,a1,...,an−1(X)= (An−1X(n−1)(q−1)/n + · · · + A1X(q−1)/n + A0)X
with
Ai = n−1
n−1∑
j=0
aj−ij(q−1)/n, i = 0, 1, . . . , n− 1,
where n−1 denotes the inverse of n modulo the characteristic of Fq .
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The polynomial fa0,a1,...,an−1(X) has least index n if and only if for each positive divisor
d <n of n there exists an i with i /≡ 0mod n/d such that Ai = 0, or equivalently if ai = aj
for some i ≡ j mod d .
The numberMn of cyclotomic mappings of Fq of least index n is
Mn =
∑
d|n

(n
d
)
qd ,
where  denotes the Möbius function.
Proof. The coefﬁcientsA0, A1, . . . , An−1 are uniquely determined by the system of linear
equations
−ifa0,a1,...,an−1(i )= An−1i(n−1) + · · · + A1i + A0 = ai, i = 0, 1, . . . , n− 1,
where = (q−1)/n. The coefﬁcient matrix
V = (ij ), i, j = 0, 1, . . . , n− 1,
is an invertible Vandermonde matrix with
V −1 = n−1(−ij ), i, j = 0, 1, . . . , n− 1.
Hence we get
Ai = n−1
n−1∑
j=0
aj
−ij , i = 0, 1, . . . , n− 1.
The conditions for n being the least index are obvious.
The number of cyclotomic mappings of Fq of index n is
qn =
∑
d|n
Md
and the formula forMn follows by the Möbius inversion formula. 
3. Cyclotomic mapping permutations
We recall the following characterization of cyclotomic mapping permutations (see [8,
Theorem 3.7]). For the convenience of the reader we include the short proof.
Lemma 1. For a0, a1, . . . , an−1 ∈ F∗q the mapping fa0,a1,...,an−1 is a permutation of Fq if
and only if
aiCi = ajCj for all 0 i < jn− 1.
Proof. If x and y with x = y are in the same cyclotomic coset Ci , then we have
fa0,a1,...,an−1(x)= aix = aiy = fa0,a1,...,an−1(y).
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Now let x ∈ Ci and y ∈ Cj with 0 i < jn− 1. Then
fa0,a1,...,an−1(x)= aix = ajy = fa0,a1,...,an−1(y)
implies aia−1j ∈ Cj−i . This is possible if and only if aiCi = ajCj . 
A condition equivalent to that in Lemma 1 is that
{a0, a1, a22, . . . , an−1n−1}
is a system of distinct representatives of F∗q/C0. With this observation we can easily deter-
mine the number of cyclotomic mapping permutations of least index n.
Theorem 2. Let q be a prime power and n a positive divisor of q − 1. Then the number Pn
of cyclotomic mapping permutations of Fq of least index n is
Pn =
∑
d|n

(n
d
)(q − 1
d
)d
d!.
Proof. For a cyclotomic mapping permutation of (not necessarily least) index n we can
choose arbitrarily a0 ∈ F∗q , then a1 ∈ F∗q such that a1 ∈ F∗q\a0C0, then a2 ∈ F∗q such that
a22 ∈ F∗q\(a0C0∪a1C1), and so on.Thus, the number of cyclotomicmapping permutations
of Fq of index n is
(q − 1) (n− 1)(q − 1)
n
(n− 2)(q − 1)
n
· . . . · q − 1
n
=
(
q − 1
n
)n
n!.
Now the assertion follows from the Möbius inversion formula. 
4. Cyclotomic orthomorphisms
In this section we prove some existence results for cyclotomic orthomorphisms.We start
with a lower bound on the number of cyclotomic orthomorphisms of index n for which
|{a0, . . . , an−1}| = 2.
Theorem 3. Let q be a prime power, n2 a divisor of q−1, and S1∪S2={0, 1, . . . , n−1},
S1 ∩ S2 = ∅, a ﬁxed partition of {0, 1, . . . , n − 1} into nonempty subsets S1 and S2. Then
the number N of ordered pairs (a, b) ∈ F∗q × F∗q with a = b such that the polynomial
ga,b(X) : =fa0,a1,...,an−1(X) with
ai =
{
a for i ∈ S1,
b for i ∈ S2,
is a cyclotomic orthomorphism of Fq satisﬁes
N(q − n− 1)(q − 2n− 1)/n2.
If |S1| = 1 or |S2| = 1, then we have equality.
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Proof. For a nontrivial multiplicative character  of Fq we use the standard convention
(0) = 0 and recall the following formula from [10, Lemma 7.3.7]. For any two distinct
elements a, b ∈ Fq we have∑
x∈Fq
(x + a)−1(x + b)=−1. (3)
Note that (a, ac) runs through all elements of F∗q × F∗q whenever (a, c) does. Let  be a
multiplicative character of Fq of order n. If (c)= 1, then (a)=(ac) and ga,ac(X) is a
permutation polynomial of Fq by Lemma 1, and in the case |S1|=1 or |S2|=1 this condition
characterizes the permutations of this form. Furthermore, ga,ac(X) is an orthomorphism of
Fq if also (a − 1)= (ac − 1) and a /∈ {1, c−1}. Hence,
N
∑
c∈F∗q
(c)=1,c =1
1
n
n−1∑
i=0
∑
a∈F∗q
a /∈{1,c−1}
i (a − 1)−i (a − c−1).
For i = 0 the inner sums are equal to −2 by (3), and so we get
N(q − n− 1)((q − 3)− 2(n− 1))/n2
since we have (q − n− 1)/n different nth powers c ∈ F∗q with c = 1. 
Using alsoTheorem1,weget a lower boundon thenumber of cyclotomic orthomorphisms
of least index n.
Corollary 1. For n3 there exist at least
(q − n− 1)(q − 2n− 1)/n
cyclotomic orthomorphisms of Fq of least index n.
Proof. All ga,b with |S1| = 1 have least index n by Theorem 1. 
Corollary 1 yields the existence of a cyclotomic orthomorphism of Fq of least index n
whenever q > 2n+ 1. We easily verify in the following that no cyclotomic orthomorphism
of F7 of least index 3 exists, and so the condition q > 2n+ 1 is best possible when n= 3.
We have
C0 = {±1}, C1 = {±3} and C2 = {±2}.
The mapping fa0,a1,a2 is an orthomorphism of F7 if and only if
a0 /∈ {0, 1}, a1 /∈ {0, 1,±2a0,±2(a0 − 1)+ 1}
and a2 /∈ {0, 1,±3a0,±3(a0 − 1)+ 1,±2a1,±2(a1 − 1)+ 1}
by Lemma 1. If ai = aj for some 0 i < j2, then fa0,a1,a2 has either least index 1, i. e.,
a0 = a1 = a2, or it is not an orthomorphism by Theorem 3. It is easy to check that there are
no other possibilities.
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For odd q there are exactly (q − 3)(q − 5)/4 cyclotomic orthomorphisms of Fq of least
index 2, and so the condition q > 2n+ 1 for the existence of a cyclotomic orthomorphism
of Fq of least index n is also best possible when n = 2. It is an open question whether the
condition q > 2n+ 1 is best possible for n4.
Nowwe require additionally that the difference between a and b in Theorem 3 has a ﬁxed
value.
Theorem 4. Let q be a prime power, n a positive divisor of q−1, S1 and S2 as in Theorem 3,
and t ∈ F∗q . Then the number N of b ∈ Fq\{0,−t} such that gb+t,b(X), deﬁned in Theorem
3, is an orthomorphism of Fq satisﬁes
N q − 1
n
− 1
if q is even and t = 1. Otherwise we have
N q + 2− 6n− 3(n− 1)
2q1/2
n2
.
Proof. Let gb+t,b(X) be as above and  a multiplicative character of Fq of order n. Then
by Lemma 1, for gb+t,b(X) to be an orthomorphism of Fq , we have the sufﬁcient condition
(b + t − 1)= (b − 1) = 0 and (b + t)= (b) = 0. (4)
If q is even and t = 1, then both conditions coincide and we have
N 1
n
∑
b∈Fq
b =0,1
(1+ (b)−1(b + 1)+ . . .+ n−1(b)1−n(b + 1))
= 1
n
((q − 2)− (n− 1))= q − 1
n
− 1
by (3). Otherwise put
(x)= 1+ (x + t − 1)−1(x − 1)+ · · · + n−1(x + t − 1)1−n(x − 1)
for x ∈ Fq . We have
(x)(x + 1)= 1+
n−1∑
i=1
i (x + t − 1)−i (x − 1)+
n−1∑
j=1
j (x + t)−j (x)
+
n−1∑
i=1
i (x + t − 1)−i (x − 1)i (x + t)−i (x)
+
n−1∑
i,j=1
i =j
i (x + t − 1)−i (x − 1)j (x + t)−j (x).
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If t =−1, then (4), (3), and Weil’s Theorem (see [11, Theorem 5.41]) yield
n2N =
∑
b∈Fq
b =0,1,2
(b)(b + 1)
q − 3−
n−1∑
i=1
(1+ i (2))−
n−1∑
j=1
(1+ −j (2))−
n−1∑
i=1
(1+ i (−1))
− 2(n− 2)(n− 1)q1/2
= q + 3− un− 2(n− 2)(n− 1)q1/2,
where
u=


6 if (2)= (−1)= 1,
3 if (2) = 1,(−1) = 1,
5 if (2)= 1, (−1) = 1,
4 if (2) = 1, (−1)= 1.
If t = 1, then
n2N =
∑
b∈Fq
b =−1,0,1
(b)(b + 1)
and we can deduce analogously the same lower bound on N. If t /∈ {1,−1}, then we get
n2N =
∑
b∈Fq
b =−t,1−t,0,1
(b)(b + 1)
q − 4− 2
n−1∑
i=1
(1+ i (1− t)+ i (1+ t))− 3(n− 1)2q1/2
= q + 2− un− 3(n− 1)2q1/2,
where
u=


6 if (1− t)= (1+ t)= 1,
2 if (1− t) = 1,(1+ t) = 1,
4 if (1− t)= 1, (1+ t) = 1,
or (1− t) = 1, (1+ t)= 1.
Combining these estimates ﬁnishes the proof. 
Examples. 1. By [15, Corollary 1] quadratic orthomorphisms of the form gb+2,b(X) exist
exactly for all odd q13 and for q = 7.
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2. We can show that cyclotomic orthomorphisms gb+3,b(X) of index 3 over Fq exist
exactly for all q ≡ 1mod 3 except q=4, 7, 19, 49. For even q and for odd q181 the result
follows from Theorem 4. It remains to consider the prime powers q ≡ 1mod 6, q169.
We can take b= 2 for q = 121, 127, b= 4 for q = 25, 157, b= 5 for q = 13, 67, 169, b= 9
for q = 37, b = 13 for q = 73, 79, 139, b = 14 for q = 61, 97, b = 15 for q = 43, b = 16
for q = 109, b = 25 for q = 103, b = 28 for q = 163, b = 30 for q = 31, and b = 37 for
q = 151. 
5. Cyclotomic R-orthomorphisms
This ﬁnal section deals with the existence of cyclotomicR-orthomorphisms.
Theorem 5. Let q =pv be a prime power, n=ps − 1 a proper divisor of q − 1, t ∈ F∗n+1,
andR a nonempty set of powers of p. Then the number N of cyclotomicR-orthomorphisms
of Fq of index n of the form f(b+t)n,bn,...,bn(X) with b ∈ Fq\{0,−t} satisﬁes
N = q − 1
n
− gcd
(
n,
q − 1
n
)
.
Proof. The result is trivial for n = 1, so we can assume n> 1. Let  be a multiplicative
character of Fq of order n. For b ∈ Fq\{0,−t} the polynomial f(b+t)n,bn,...,bn(X) is an
R-orthomorphism of Fq if and only if
((b + t)nr − 1)= (bnr − 1) = 0 for all r ∈ R. (5)
Since by hypothesis the elements r ∈ R are powers of p and gcd(n, p)= 1, the condition
(5) reduces to
((b + t)n − 1)= (bn − 1) = 0.
Moreover we have Xn − 1=∏x∈F∗n+1(X− x), and so we can further reduce the condition(5) to
(b + t)= (b) and b /∈Fn+1.
With(x) as in the proof of Theorem 4, we obtain
nN =
∑
b∈Fq
(b + 1)−
∑
b∈Fn+1
(b + 1)= q − n+ 1−
∑
b∈Fn+1
(b)
= q − n+ 1−
(
n+ 1+
( n
n′
− 1
)
(n− 1)−
(
n− n
n′
))
= q − 1− n
2
n′
,
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where n′ denotes the order of the restriction of  to Fn+1. Finally note that the elements of
Fn+1 are exactly the ((q − 1)/n)th powers in Fq , hence  restricted to Fn+1 has order
n′ = n
gcd(n, (q − 1)/n)
and the desired result follows. 
Remark. Since xq = x for all x ∈ Fq , we may chooseR ⊆ {1, p, . . . , pv−1}.
Now we drop the restrictions on n, t, andR.
Theorem 6. Let q be a prime power, n> 1 a divisor of q − 1, t ∈ F∗q , and R a set of
positive integers of cardinality R1. If
q
nR
− 2((1− n−R)nq1/2 + 1)
∑
r∈R
r2,
then there exists b ∈ Fq\{0,−t} such that f(b+t)n,bn,...,bn(X) is anR-orthomorphism of Fq .
Proof. Put
dr(X)= ((X + t)nr − 1)(Xnr − 1) ∈ Fq [X] for r ∈ R,
A=
{
a ∈ Fq :
∏
r∈R
dr(a)= 0
}
and
r (x)= 1+
n−1∑
i=1
i ((x + t)nr − 1)−i (xnr − 1)
for x ∈ Fq , where is a multiplicative character of Fq of order n. In view of (5), the number
N of b ∈ Fq\{0,−t} such that f(b+t)n,bn,...,bn(X) is anR-orthomorphism of Fq satisﬁes
N = 1
nR
∑
b∈Fq
b/∈A∪{0,−t}
∏
r∈R
r (b)
1
nR
∑
b∈Fq
∏
r∈R
r (b)− |A|
n
− 2
>
1
nR
(
q − (nR − 1)q1/2
∑
r∈R
(2nr)
)
− 2
∑
r∈R
r − 2
from which the desired result follows. 
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